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Abstract
The entanglement entropy correlates two quantum sub-systems which are the part of the larger
system. A logarithmic divergence term present in the entanglement entropy is universal in nature
and directly proportional to the conformal anomaly. We study this logarithmic divergence term of
entropy for massive scalar field in (2 + 1) dimension by applying numerical techniques to entan-
glement entropy approach. This (2+1) dimensional massive theory can be obtained from (3+1)
dimensional massless scalar field via dimensional reduction. We also calculated mass corrections
to entanglement entropy for scalar field. Finally, we observe that the area law contribution to the
entanglement entropy is not affected by this mass term and the universal quantities depends upon
the basic properties of the system.
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I. INTRODUCTION
Black holes are gravitational solutions of Einstein’s field equations. Black holes have some
properties similar to that of a thermodynamical system. Therefore, like a thermodynamical
system, entropy and temperature can be assigned to black holes. The temperature of a black
hole is directly proportional to surface gravity of the event horizon.The entropy, known as
Bekenstein-Hawking entropy is directly proportional to the area of the event horizon[1–5].
There are many attempts made to understand the origin of the black hole entropy. Some
of the examples of these attempts are based on the calculation of a) the value of Euclidean
action [6–8], b) the rate of the pair creation of black holes [9], c) the Noether charge of the
bifurcate Killing horizon [10, 11] and d) the central charge of the Virasoro algebra [12–14].
The microscopic derivation of the black hole entropy was given in superstring theory
[15, 16] by using the so-called D-brane method [17–19]. In 1985, ‘t Hooft introduced another
model to calculate the entropy of a black hole, known as the brick wall model [20]. Beside
of all these previously well studied models, we concentrate our study on the entanglement
entropy model [21–32] as this is the most attractive candidate for the black hole entropy.
The entanglement entropy is the source of quantum information. It is a measure of
the correlation between subsystems, separated by a boundary called the entangling surface
[21, 22]. It is also a measure of the information loss due to division of the system. The
entanglement entropy depends upon the geometry of the boundary, but not on the properties
of the subsystems. The entanglement entropy is defined by the von Neumann entropy.
We study the logarithmic contribution to the entropy for scalar fields by using the dimen-
sional reduction technique. In this technique, the coefficient of logarithmic divergence term
in (2+1) dimensional massive theory can be obtained via dimensional reduction of (3+1)
dimensional massless theory (Σ2 = Σ1 × S1) using the entanglement entropy method. The
reduced density matrix, which arises in the formulation, are written in terms of correlators
[33]. The reduced density matrix in terms of correlators is well known for scalar fields and
obeys the Wick’s theorem. The logarithmic divergence terms in entropy of black holes ap-
pear due to the infinite number of states near the horizon and these divergences scaled by
the size of the black holes. These logarithmic divergence terms are related to the conformal
anomalies. In even dimensions, conformal field theory (CFT) contains a divergence term,
but in odd dimensions there is no divergence term across the entangling surface [34, 35].
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The coefficient of logarithmic term is proportional to the conformal anomaly [36] (a and c
type anomaly). For a spherical system, the results of “a” type anomaly can be extended in
any dimension [37, 38], but “c” type anomaly can not be extended in higher dimensional
theory [39].
This paper is organized as follows; we have given brief review of free massive theory in
Sec. 2. We study the scalar field in BTZ black hole space-time in Sec. 3 and numerical
calculations for logarithmic contribution to the entanglement entropy in Sec. 4. We present
our results and their physical implication of entropy for scalar fields in BTZ black hole
space-time in Sec 5. Some formulas which are used in the text, are defined in Appendix A.
II. FREE MASSIVE THEORY IN BTZ SPACE-TIME
The general structure of entanglement entropy of the system with logarithmic divergence
is given by the relation,
S =
A
4πǫ2
+ s ln ǫ, (1)
where s is the coefficient of the logarithmic divergence term and ǫ is the ultraviolet cutoff.
The first part, which is finite, is Bekenstein-Hawking area law and second one is logarith-
mically divergence term of the entanglement entropy. For general conformal field theories
in (3 + 1) dimensions, the logarithmically divergence term is directly related to the a and
c conformal anomalies. The relation between logarithmically divergence term and a and c
type of anomalies is given[40],
s =
a
180
χ(∂V ) +
c
240π
∫
Σ2
(kµνi k
i
νµ −
1
2
kµµi k
i
µµ), (2)
where χ(∂V ) is the Euler number of the surface Σ2(Σ2 = Σ1 × R where R is radius of
the cylinder). The kiµν = −γαµγβν ∂αniβ is the extrinsic curvature, nµi (with i = 1, 2) are the
pair of unit vector orthogonal to ∂V , and γµν = δµν − niµniν is the induced metric on the
surface. From equation (2), we can see that the coefficient of the logarithmic divergence of
the cylinder is proportional to the c type anomaly and is given by,
s =
c
240
L
R
, (3)
where R and L are the radius and length of the of the cylinder. Let us consider a system
of three spatial dimensions x1, x2, and x3 of the form Σ = Σ2 × x1. The direction x1 can
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be compactified by imposing the boundary conditions and thus the system reduces to two
dimensions. The Fourier decomposition of the corresponding field modes in the compactified
direction is given by,
Φ (t, r, θ, φ) = φ (t, r, θ) exp
[
i
2πm
L
φ
]
. (4)
This decomposition of fields enable us to write the EOMs in form,
∂2µφ+M
2
mφ = 0 (5)
where
M2m = µ
2 + (
2π
L
m)2. (6)
In above definition, µ is the mass of the free fields and acts as infrared correlator and m is
an azimuthal quantum number. In our study, we consider the free massless field, therefore
we set µ = 0. In this case, the equation (6) becomes [41, 42],
M2m = (
2π
L
m)2, (7)
The contribution of entanglement entropy of the two dimensional fields is given by the
relation [40],
S(Σ) =
∞∑
m=−∞
S (Σ2,Mm) =
L
π
∫ ∞
0
dM S(Σ2,M). (8)
We expand S(Σ2,M) in terms of (MR) and neglect higher order terms, obtaining the rela-
tion,
S(Σ2,M) = c0 + c1MR +
∞∑
n=0
c−1
MR
(9)
Substituting the value of S(Σ2,M) in equation (8), we obtain the the logarithmic coefficient
s in S(Σ) which is directly related to c−1 by the relation,
ss = c−1
L
πR
(10)
The coefficient c−1 is obtained from the free massless theory in (3+1) dimensions and is
directly related to the coefficient of (MR)−1 . The coefficient c−1 is found − π240 for scalars.
Now, The logarithmic divergence term of entropy is proportional to the mass term in the
dimensionally reduced theory and given by the term c1. The entropy of scalar field is given
by [34],
∆SM = γdM
d−1Ad−1, (11)
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where γd ≡ (−1)(d/2)[12 (2π)(d−2)/2(d − 1)!!]−1 and “A” is the area of event horizon (A =
2πr+). For d = 2, the value of γd is γ2 = − 112 . The coefficient c1 is linear with entropy and
it is found −2π
12
.
III. SCALAR FIELDS IN BTZ BLACK HOLE SPACE-TIME
Let us consider the action of the (2+1) dimensional gravity with cosmological constant
Λ [43, 44],
S =
1
2π
∫
d3x
√−g [R + 2Λ]. (12)
The value of cosmological constant is − 1
l2
. One of the solution of this (2 + 1) dimensional
gravity with negative cosmological constant is is BTZ black hole. The metric of BTZ black
hole is given by the equation;
ds2 = −(−M + r2/l2)dt2 + 1
(−M + r2/l2 + J2/4r2)dr
2 + r2dφ2 − Jdtdφ , (13)
where −∞ < t < ∞ and 0 ≤ φ ≤ 2π. The metric of the BTZ black hole in term of proper
distance r2 = r2+ cosh
2 ρ+ r2− sinh
2 ρ is written as,
ds2 = −
(
u2 +
J2
4l2(u2 +M)
)
dt2 + dρ2 + (
J
2l
√
(u2 +M)
dt− l
√
u2 +Mdφ)2
. (14)
Where r(ρ)2 = l2(u2 + M) and r+ and r− are inner and outer horizon of the black hole
respectively.
The action of massive scalar field in the background of BTZ black hole is written as,
S = −1
2
∫
dt
√−g (gµν ∂µΦ∂νΦ + µ2Φ2) (15)
where
√−g and gµν are the determinant and the metric element of the BTZ black hole
(14). The field Φ can be decomposed using the separation of variables Φ(t, ρ, φ) =∑
m φm(t, ρ) e
imφ. This decomposition of Φ manifest the cylindrical symmetry of the system.
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Substituting the value of Φ, gµν and
√−g in equation (15), we get the expression,
S = −1
2
∫
dt
[
−
√
(u2 +M)√
[u2 + J
2
4(u2+M)
]
Φ˙m
2
+ u
√
[(u2 +M) +
J2
4u2
](∂ρΦm)
2
+
u2m2
u
√
[(u2 +M) + J
2
4u2
]
Φm
2 − (iJm)
u
√
[(u2 +M) + J
2
4u2
]
ΦmΦ˙m
+µ2
√
[u4 + u2M +
J2
4
]Φ2
]
, (16)
where πm is the conjugate momentum corresponding the field φm. The Hamiltonian of the
scalar field in the BTZ background space-time is given by [45–47],
H =
1
2
∫
dρ
(
u2 + J
2
4(u2+M)
(M + u2)
)1/2
π2 +
1
2
∫
dρ dρ′ u
√[
(u2 +M) +
J2
4u2
]
∂ρ(Φm)
2
+
(
u2 + J
2
4(u2+M)
(M + u2)
)1/2
Φm(ρ)
2 − iJ
(
1
(M + u2)
)1/2
Φm(ρ) Φ˙m(ρ)
+ µ2
√
[u4 + u2M +
J2
4
]Φ2 (17)
This Hamiltonian is not diagonal, therefore to diagonalize it, we define the new momentum
π˜m = πm − iJm/u([(u2 +M) + J2/4u2])1/2Φm. The canonical variables, the field (φm) and
diagonalized momentum (π˜m) satisfy the following relation,
[φm(ρ), π˜m(ρ)] =
i J m
u
√[
(u2 +M) + J
2
4u2
]δm,m′δ(ρ− ρ′). (18)
Using the diagonalized momentum, the diagonalized Hamiltonian can be written as [45–47],
H =
1
2
∫
dρ π˜2m(ρ) +
1
2
∫
dρ dρ′ u
√[
(u2 +M) +
J2
4u2
]

∂ρ


√√√√√
√[
u2 + J
2
4(u2+M)
]
√
(u2 +M)

 ψm


2
+ µ2
u2 + J
2
4(u2+M)
(M + u2)
ψ2m, (19)
where
ψm(t, ρ) =
(
u2 + J
2
4(u2+M)
(M + u2)
)1/4
Φm(t, ρ), (20)
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For general quadratic case, the Hamiltonian of the system is written as,
H =
1
2
∑
π2 +
1
2
∑
AB
VABq
AqB (21)
where qA and πA obey the commutation relation [q
A, πB] = i δAB and VAB is the matrix.
The two point correlator is given by,
Xij = 〈qA qB〉 = 1
2
(qA qB)
1/2 = (M +N)−1AB
Pij = 〈πA πB〉 = 1
2
(πA πB)
1/2 = (M −N)AB (22)
where M and N are defined in appendix (A). Then the entropy of the system is given by
the relation
S
(
R = (nB +
1
2
)a
)
= lim
n→∞
S(n,N) = S0 +
∑
m
Sment. (23)
where
Sent = Tr
((√
XmPm +
1
2
)
. log
(√
XmPm +
1
2
)
−
(√
XmPm − 1
2
)
. log
(√
XmPm − 1
2
))
. (24)
We make the following replacements to discretized the Hamiltonian of the system,
u[ρ = (i− 1
2
)α]→ ui, Ψm[ρ = (i− 1
2
)α]→ Ψim,
where i, j = 1, 2....N and “α” is the lattice spacing . We discretized Hamiltonian (19) using
the above replacements and we suppressed the angular momentum index m. The matrix
elements VAB corresponding to the discretized Hamiltonian (19) is given by, [49],
V mABψ
A
mψ
B
m =a
N∑
A=1

uA+ 1
2
√
(u2
A+ 1
2
+M)


√
u2A+1√
u2A+1 +M
ψA+1m
√
u2A√
u2A +m
ψAm


2
+
m2
r+
u2A
u2A +M
ψA
2
m + µ
2Φ2m
]
. (25)
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The diagonal and off-diagonal terms are given by,
Σ
(m)
A =
√[
u2A +
J2
4(u2A+M)
]
√
(u2A +M)
(
uA+1/2
√
(u2A+1/2 +M) +
J2
4u2A+1/2
− uA−1/2
√
(u2A−1/2 +M) +
J2
4u2A−1/2
)
+m2
u2A +
J2
4(u2A+M)
(M + u2A)
, (26)
∆A =− uA+1/2
√(
u2A+1/2 +M
)
+
J2
4u2A+1/2√√√√√√
√[
u2A+1 +
J2
4(u2A+1+M)
]
√
(u2A+1 +M)
√√√√√
√[
u2A +
J2
4(u2A+M)
]
√
(u2A +M)
(27)
where A, B = 1, 2....N and “a” is UV cut-off length. We regain the continuum by taking
the limit a→ 0 and N →∞ while the size of the system remains fixed.
IV. NUMERICAL ESTIMATION
In this section, we study the numerical estimation of entanglement entropy of massive
scalar field in BTZ black hole space time. We start from with the calculation of (N × N)
matrix of VAB, where AB = 1, 2 . . .N for given mass (µ) and angular momentum (m). We
calculate the correlator Xij and Pij and then calculate the entropy of massive field in BTZ
black hole space-time. For the numerical computation, we consider the system is discretized
in radial direction with lattice size N = 200 and the partition size nB = 10, 20 . . . 100.
The entropy can be expanded in powers of proper distance, ρ, for large values of ρ,
S = c0(M) + c1(M) ρ+ c−1(M)
1
ρ
+ . . . . (28)
The entropy of scalar field for different masses in the range (.05 < M < .5) is computed
numerically. The Value of c1(µ) and c−1(µ) are tabulated in the table (I),
The value of coefficients c1(M) and c−1(M) are tabulated in the table (I) and shown in
figure (1). If we calculated the value of coefficients, then we expand the c1(M) and c−1(M)
in power of M,
c1(M) = c
1
1(M) + c
0
1 + c
−1
1
1
M
, (29)
c−1(M) = c
1
−1(M) + c
0
−1 + c−1
1
M
(30)
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M = 0.1 M = 0.2 M = 0.3 M = 0.4 M = 0.5
c1(M) 0.401 0.354 0.302 0.241 0.204
c−1(M) 0.200 0.068 0.050 0.040 0.030
TABLE I: The value of c0, c1 and c−1 for different masses 0.1, 0.2, 0.3, 0.4 and 0.5.
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0
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FIG. 1: The numerical calculation for Sent(massive) of the scalar field in rotating BTZ space-time.
Sent is shown as a functions of r+/a for different masses m=0.1, 0.3 and 0.5 . We have taken the
lattice point N=200.
The plot c1 and c−1 as the coefficient ofM and 1/M in (29) and (30). The value of c1(M)
and c−1(M) as shown in figure (2) and (3). The co-efficients c1 and c−1 are found from the
fitting the data plotted in figure (3) and the values are -0.503 and -0.0132 respectively. Here
it is interesting to note that the co-efficients c−1 is related with the co-efficient of logarithmic
term in (3+1) dimension and is given by −π/240 and for the co-efficients c1 (is obtained
from dimensionally reduced theory ) is given by −π/6.
V. CONCLUSION
In this paper, we have studied the logarithmic divergence term of entanglement entropy
for the scalar field propagating in the background of BTZ black hole numerically. The
coefficient of divergence term c1 and c−1 calculated numerically. The logarithmic divergence
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M
c 1
 
 
FIG. 2: The points corresponds to the coefficient of the linear term in r in the entanglement entropy
for different masses.
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
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0.2
0.22
M
c −
1
 
 
FIG. 3: The points corresponds to the coefficient of the term 1/ρ in the entanglement entropy for
different masses.The coefficient of term is proportional to 1/M in the fit drawn with a solid line is
0.0132 = pi/240. This is the value of c1 in equation (5.22).
term(s) of entanglement entropy is the linear combination of c type anomaly. The term c1 is
obtained from the dimensional reduction of the theory and the term c−1 is directly related
to the coefficient of divergence term. The general structure of the coefficients is same as
that found in (8). This is the agreement of our numerical results with analytical results [34].
We can also extend our results for the higher dimension theory. We have also studied the
10
logarithmic divergence term of entanglement entropy for the fermion field propagating in
the background of BTZ black hole numerically [48].
Appendix A: Model of entanglement Entropy
In this appendix, the model of entanglement entropy for scalar field and numerical com-
putation of entropy is reviewed. Let there is a system of coupled harmonic oscillators
qA, (A = 1, ......., N) which one can use to study the entanglement entropy of the system.
The Hamiltonian of this coupled harmonic oscillator system is written as,
H =
1
2a
δABpApB +
1
2
VABq
AqB, (A1)
Where pA and pB are canonical momentum corresponding to the qA and qB respectively. Tha
canonical momenta are given by the relation pA = a δAB q˙
B, where δAB is Kronecker delta,
VAB is real, symmetric, positive definite matrix and “a” is fundamental length characterizing
the system. Using the creation and annihilation operators, one can write total Hamiltonian
as,
H =
1
2a
δAB
(
pA + iWACq
C
) (
pB − iWBDqD
)
+
1
2a
Tr W (A2)
where W is symmetric, positive definite matrix satisfying the condition VAB = WACW
C
B .
Operators (pA + iWACq
C) and (pB − iWBDqD) are annihilation and creation operators re-
spectively, similar to that of harmonic oscillator problem and they obey similar commutation
relation,
[aA, a
†
B] = 2WAB. (A3)
If ψ0 is the ground state for the harmonic oscillator system, then it follows the condition
(pA − iWACqC)|ψGS >= 0 (A4)
and the solution is given by, [21]
ψGS({qC}) = < {qC}|ψGS >
=
[
det
W
π
]1/4
exp
[
−1
2
WAB q
A qB
]
. (A5)
The density matrix of the ground state is obtained by
ρ
({qA}, {q′B}) =< {qA}|0 >< 0|{q′B} >
=
[
det
W
π
]1/2
exp
[
−1
2
WAB (q
A qB + q′A q′B)
]
(A6)
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We split qA into two subsystems, {qa} (a = 1, 2, .......nB) and {qα} (α = nB + 1, nB +
2, .......N)[50]. The reduced density matrix of the subsystem “1” is obtained by tracing the
degrees of freedom of the subsystem “2” [51], and is given by;
ρ
(
{q′a}, {q′b}
)
=
∫ ∏
α
dqαρ
(
{qa, qα}, {q′b, qα}
)
(A7)
The matrix W naturally splits into four blocks as[46–48],
(W )AB =

 Aab Baβ
BTαb Dαβ

 .
Now we find that reduced density matrix can be written as,
ρred({qa}, {q′b}) =
[
det
M
π
]1/2
exp
[
−1
2
Mab(q
aqb + q′aq′b)
]
exp
[
−1
4
(N)ab(q − q′)a(q − q′)b
]
, (A8)
where
Mab = (A−BD−1BT )ab and Nab = (BTA−1B)ab. (A9)
The reduced density matrix of the system ‘1’ is obtained by tracing the degrees of freedom
of the system ‘2’ and is same as above equation (A8). The system can be diagonalized by
the unitary matrix U and the transformations
qa → q˜a = (UM1/2)abqb. (A10)
Thus the density matrix reduces to [21],
ρred({qa}, {qb}) = Πn
[
π−1/2 exp
(
−1
2
(qnq
n + q′nq
′n
− 1
4
λi(q − q′)n(q − q′)n)
)]
, (A11)
where λi are the eigenvalues of the matrix Λ
a
b = (M
−1)acNcb. The entropy of the system can
be calculated by the relation (25).
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